Field Theoretical Description of Quantum Hall Edge Reconstruction 



o 
o 

(N 
X) 



X3 

o 



> 

m 
(N 
O 
m 
o 



I 

o 
o 



X 



Kun Yang 

National High Magnetic Field Laboratory and Department of Physics, Florida State University, Tallahassee, Florida 32306 

(February 2, 2008) 

We propose a generalization of the chiral Luttinger liquid theory to allow for a unified description of 
quantum Hall edges with or without edge reconstruction. Within this description edge reconstruction 
is found to be a quantum phase transition in the universality class of one-dimensional dilute Bose 
gas transition, whose critical behavior can be obtained exactly. At principal filling factors v = 1/m, 
we show the additional edge modes due to edge reconstruction modifies the point contact tunneling 
exponent in the low energy limit, by a small and non-universal amount. 
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Recently there has been considerable interest in the 
physics at the edge of a quantum Hall liquid [1]. Our the- 
oretical understanding of the edge physics is mostly based 
on the chiral Luttinger liquid (CLL) theory advanced by 
Wen [2]. The CLL theory is a long-wave length, low- 
energy effective field theory which is closely tied to the 
fundamental topological features of the bulk quantum 
Hall liquid, and describes the most robust physical prop- 
erties of the edges states, including the quantization of 
Hall conductance. It also makes a number of remarkable 
prediction about single-particle properties at the edge; 
for example it predicts that in point contact tunneling 
between a Fermi liquid metal and a quantum Hall edge, 
the current- voltage relation follows a power-law / ^ V"', 
which is characteristic of a Luttinger liquid, and for a 
whole sequence of bulk filling factors, the exponent a is 
universal and independent of the details of the edge con- 
fining potential and electron-electron interaction. Such 
power law behavior has been observed in recent tunnel- 
ing experiments [3-6] , and at principal filling factors like 
1/ = 1/3, the exponent a was found to be close to but 
noticeably different from the CLL prediction [3]. Away 
from v = 1/3 however, more significant discrepancy be- 
tween theory and experiment has been found [4-6]. 

In the meantime, microscopic theoretical studies have 
suggested that the interplay between electron-electron in- 
teraction and confining potential at the edge at shorter 
distance (typically of order magnetic length i or slightly 
above that) can give rise to nontrivial low-energy physics. 
In particular, it was found that the competition between 
the two can lead to edge reconstruction, both at integer 
[7,8] and fractional [9,10] bulk filling. In particular, it was 
argued recently [9,10] that for realistic sample parame- 
ters, edge reconstruction is essentially always present for 
fractional bulk filling, despite the presence of a sharp po- 
tential barrier in the samples grown by the cleaved edge 
overgrowth technique used in the recent tunneling ex- 
periments. Edge reconstruction gives rise to additional 
low-energy edge modes [8-10] that are not described by 
the original CLL theory [11]; these additional modes can 
profoundly affect the low-energy physics at the edge. 

In this paper we propose a generalization of the CLL 



theory to accommodate the short-distance physics. In 
our generalized theory the edge with and without recon- 
struction can be described on equal footing; in particu- 
lar, the edge reconstruction transition between these two 
different phases can be studied. For simplicity and clar- 
ity we will focus on principal filling factors v — 1/m 
with m being an odd integer; generalization to other fill- 
ing factors is conceptually straightforward. We find that 
the edge reconstruction is a quantum phase transition 
in the universality class of one-dimensional dilute Bose 
gas transition, whose critical behavior can be obtained 
exactly. We also show that the additional edge modes 
due to edge reconstruction modifies the power-law expo- 
nent of the single electron Green's function, and thus the 
point contact tunneling exponent in a non-universal way, 
although the modification is likely to be quantitatively 
rather small. We will also make contact with recent ex- 
periments and existing theories on edge tunneling. 

For principal bulk filling v = 1/m, there is one chiral 
edge mode described by the following Hamiltonian within 
the CLL theory [2]: 
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where v is the velocity for edge excitations, pk is the mo- 
mentum space edge electron density operator which satis- 
fies the Kac-Moody algebra: [pk,Pk'] = -2^^k+k', and 
p{x) is the corresponding edge electron density operator 
in real space. Eq. (1) describes a single branch of chiral 
bosons with linear dispersion: Cfc = vk, i.e., the bosons 
propagate with a fixed velocity v. In real space Eq. (1) 
describes a density-density coupling that is completely lo- 
cal. While it is appropriate to neglect the non-locality of 
the electron-electron interaction in the long-wave length 
limit, we must also keep in mind that what drives edge 
reconstruction is the interplay between electron-electron 
interaction and confining potential at shorter distances; 
the typical length scale associated with edge reconstruc- 
tion is the magnetic length £. We thus generalize Eq. 
(1) to incorporate the non-local nature of the electron- 
electron interaction: 
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FIG. 1. Chiral boson dispersion for different situations, (a) 
a -C etc so the dispersion is monotonic and mostly linear, (b) 
a just below Uc so a pronounced minimum is developed near 
k — ko, but no instability yet. (c) a > ac, so becomes 
negative for k ~ ko, indicating edge reconstruction instability. 
See text for details. 
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In (2) we have performed a gradient expansion, and a 
and h are phenomenological constants that depend on 
details of the electron-electron interaction; for a generic 
short-range repulsive interaction we have a > and b > 
0, thus we can truncate the gradient expansion to the 
corresponding order without losing stability of the model. 

Once the gradient terms are included, the chiral boson 
dispersion is no longer perfectly linear and has a down- 
ward curvature for small k: 



H = J dx J dx'p{x)Vix-x')p{x') 

= nmv I dx{p^{x) - a[d-^p{x)f + b[dlp{x)f 
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v{k - ak^ + bk^ ^ ), 



(3) 



Hint = J dx[u3p^{x) 



- UiP^{x) 



(4) 



By stopping at the quartic order we are assuming that 
M4 > 0. Combining Eqs. (2) and (4), we propose the 
following field theory to describe the edge of a = 1/m 
quantum Hall liquid: 

- I dt<h\a,(dAf + MSA)']- (5) 



Here S is the action, and the real bosonic field 4>{x) 
is related to the edge electron density through p{x) ~ 
dx4>{x)/{2TT); in the special case a = b ^ = = it 
reduces to the action of the original CLL theory [2] . This 
model supports two phases; for a < ac the ground state 
is the vacuum state of the bosons, which properly de- 
scribes the edge without reconstruction; the low-energy 
excitations are the chiral bosonic modes at small k. For 
a > Gc there is a finite density of bosons in the ground 
state, mostly occupying modes with fc « fco. This is the 
phase with edge reconstruction. These ID bosons with 
repulsive interaction form an ordinary (or non-chiral) 
Luttinger liquid which in turn can be mapped onto non- 
chiral free bosons; thus in addition to the chiral branch 
of bosons, there is also a non-chiral branch of low-energy 
bosonic excitations in this case, which we have seen in 
our numerical studies [9,10]. 

To study the critical behavior of this transition, we 
formally integrate out the high energy modes in Eq. (5), 
and focus on the low-energy modes near fc « and k « 
ko- These low-energy modes are conveniently described 
in terms of the following slowly- varying (in space) bosonic 
fields (time dependence is implicit here): 
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(6) 
(7) 



|fc|<A 



as illustrated in Fig. (1) for different values of a; such 
non-linear dispersion has been seen in our numerical 
studies [12]. In particular, there exist a critical point 
Qc = 2\/6; at this point there is a momentum ko = fe^^/** 
at which ek^ =0. For o > Oc we have < for fc « fco; where 
i.e., the ground state of the system is no longer the vac- 
uum of the chiral bosons, and the chiral bosons will con- 
dense into states with k kol This instability is precisely 
the instability toward edge reconstruction, as it leads to 
an increase of the momentum of the ground state, and 
edge density oscillation [13]. In this case we must in- 
clude a repulsive interaction among the chiral bosons to 
maintain the stability of the model [14]: 



Here L is the length of the edge, and A is a cutoff in 
momentum space. We note that while (piix) is a real 
field, 02 (a;) is actually a complex field. In terms of (j)i{x) 
and (f>2{x), the original action in Eq. (5) takes the form: 



S — 5*1 + 5*2 + 5*1 



= ^ / dtdx[dt(j)id^4>i - v{d.:^(j}iY]] 



(8) 



(9) 



82= dtdx{i'i(j2dti^2 



2m* 



+ Ai|^2|'-«|V'2|'); (10) 



S12 



dtdx[u3{dx(f>i)\4'2f + Ui{dx(l>i)^\4'2 



(11) 



Here ip2 = ^mfco/27r(/>2, p, (x a—Oc, 1/m* ~ Svb^/^, u, U3 
and are proportional to u, U3 and U4 at tree level but 
receive loop renormalization from integrating out higher 
energy modes, and we have neglected terms that scale 
to zero in the long-wave length limit (like {dtip2){dxtp2)i 
{dx4'i)^i and {dx(l)i)^ etc). We see takes exactly the 
same form as the original CLL action (but with a much 
reduced momentum cutoff), while S2 is identical to the 
action of ID non-relativistic bosons with repulsive inter- 
action [15]. If we neglect 512 that describes interaction 
between (f>i{x) and '02 (a;) for the moment, it is known [15] 
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that the system undergoes a second order phase transi- 
tion from the vacuum of bosons (corresponding to edge 
without reconstruction), to a new ground state with a fi- 
nite bosons density in it (corresponding to reconstructed 
edge), at the critical point /j. = {oy a = Uc). The effect 
of 5i2 may be taken into account by integrating out (f)i 
in S, which results in finite renormalization of il in 5*2. 
Assuming that the renormalized value of u to be positive 
{i.e., the effective interaction of the bosons described by 
(j)2 remains repulsive), neither the position of the critical 
point /z = (or a = Uc), nor the critical property of the 
transition is changed by the coupling between (pi and (1)2 
as described by 6*12. The critical exponents of this tran- 
sition are known exactly [15]: 1/ = 1/2 and z = 2, from 
which all other exponents can be deduced. In particular, 
the boson density or the change of ground state momen- 
tum per unit length scales as: n ~ 6k oc {d — d*y^^, 
where is a controlling parameter (say, the distance be- 
tween the dopant layer and the 2D electron gas layer 
[9,10]) that tunes the system through the transition, and 
d* is the critical point. 

On the other hand, if the renormalized quartic coupling 
turns out to be negative, then the effective interaction 
between the bosons is attractive. In this case higher order 
couplings need to be kept, and the transition between 
the two phases may become first-order. Whether this is 
the case or not depends on the details of edge confining 
potential and electron-electron interaction. Hartree-Fock 
study of edge reconstruction at bulk filling 1^ = 1 appears 
to suggest the transition is indeed first order in that case, 
for the type of confining potential that was used [8] . 

No matter the transition is first-order or second-order, 
the condensed non-chiral bosons described by ip2 in the 
reconstructed phase form an ordinary or non-chiral Lut- 
tinger liquid. Perhaps the easiest way to obtain the Gaus- 
sian field theory (or Luttinger liquid) description of these 
non-chiral bosons from Eqs. (9-11) is to write 1JJ2 as 
ip2{x,t) = -y/ n(x, t) cxp[iip{x, t)] , and then integrate out 
the fluctuation of the boson density n about its mean 
value n w /x/2u in S [16], after which one obtains 



S = Si + + S, 



intt 



(12) 



where takes the same form as in Eq. (9) with renor- 
malized velocity v, and [16] 



/ 



dtdx- 



2m* 



(13) 



and ~ \/2\mlm* k, ^ [ijm* . Physically dt<f and 
are proportional to the density and current of the (non- 
chiral) bosons described by i/'2, through the Josephson 
relation. Sint describes the interaction between the chiral 
and non-chiral bosons through density-density coupling: 



Sin 



1 j dtdx{dtip){dx(, 



where g ss uj,/2u. Thus edge reconstruction adds two 
more propagating edge modes in the edge spectrum, one 
propagating in the forward direction and another in the 
backward direction; these new modes are coupled to the 
original long wave-length chiral boson modes. Mathe- 
matically, the action of Eq. (12) is equivalent to that of 
a single CLL mode coupled to one-dimensional acoustic 
phonons, a model that has been considered before in very 
different contexts [17,18]. 

Obviously, multiple edge reconstruction transitions can 
occur, if there are multiple local minima in the chiral bo- 
son spectrum Eq. (3) that go through zero. The critical 
behavior of these additional transitions will be the same, 
and each transition will introduce two more edge modes, 
propagating in opposite directions. 

We now turn our discussion to the effect of edge recon- 
struction on single electron Green's function. Within the 
CLL theory, the charge and statistics of the electron op- 
erator uniquely determines its form in terms of the edge 



density field (/>(x) to be [2] 4'(a;) 



We are inter- 



ested in the long-time or low-energy /frequency behavior 

of the electron Green's function, which is dominated by 
the low-energy modes of (l>{x). For edges without recon- 
struction they are the long-wave length modes of (j){x) 
with A: « 0, while in the presence of edge reconstruction 
they are modes with fc ~ and k ~ ±fco. Thus in the 
latter case we write the electron operator as 



*(a:)~ exp{-im[(/)i(a;) + <?i>2(a;)e*'=«^ + (/>;(a;)e-^*"'=']} 
« e-y^l>{-im[(i)i{x) + ce'^kox-v(x)) ^ ^gi(v(x)-fcox)]| 

00 

= e-'™'^i(^)^(-2iTOc)'cos'[^(a;)-/toa;]. (15) 



1=0 



(14) 



Here the constant c « \/27rn/mfco- We have thus ex- 
pressed the electron operator in terms of the Gaussian 
variables ^1 and (p, whose correlation functions are con- 
trolled by the quadratic low-energy effective action S in 
Eq. (12). Thus the long-time behavior of the electron 
Green's function can be determined straightforwardly: 

CXD 

G(a; = 0,t) = (*(0,t)ft(o,f = 0))= ^ Ait-^\ (16) 

l=—oo 

where A;'s are some constants, and 7; is twice the 
scaling dimension of the operator Oi = g-^'/'i+^'V; 
(O;(0, t)O;(0, 0)) ~ t~^K The minimum value of 7; con- 
trols Green's function in the long time limit, and thus 
the I — V characteristics of point contact tunneling be- 
tween the edge and a Fermi liquid metal is 7 ~ with 
a = Using a generalized Bogliubov transformation 

[17] to obtain the eigen modes of the action Eq. (12) 
and express O; as combination of the eigen modes, one 
can easily show that all 7;'s are non- universal and sat- 
isfy 7; > m. Thus the tunneling exponent 7™*"- is non- 
universal. This is a consequence of the lack of maximum 
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chirality due to edge reconstruction, and in sharp con- 
trast with the case without edge reconstruction, where 
the tunneUng exponent a = m and is thus universal [2]. 

In real samples, one expects f , the chiral charge mode 
velocity, to be much larger than all other velocity scales, 
especially the non-chiral mode velocity v^. This is be- 
cause V is controlled by the long-range Coulomb interac- 
tion and thus diverges as log A; in the long- wave length 
limit; this divergence may be cut off by metallic gates 
placed near the sample, but only at very long length 
scales. On the other hand v^p ii/m* is a neutral 

mode velocity, and expected to be low since there is no 
reason for the chiral boson mode near the instabilities to 
develop very deep minima and have large curvature. In 
the limit of large v, we find 

a = 70 = m[l + Vcoupv^/v"^ + 0(l/v% (17) 

where Vcoup ~ mu^/TTu is a positive velocity scale that 
parametrizes the strength of coupling between charge and 
neutral modes. Wc thus find that the tunneling exponent 
is increased by a small and non-universal amount due to 
edge reconstruction. While consistent with experimental 
findings that a ~ m for m = 3, wc note that in all 
experiments a is slight below 3 (typically by about 10%). 
This, however, may be due to the fact that electrostatic 
forces provided by nearby gates tend increase the electron 
density by 20 — 30% over several hundred nanometers in 
the edge region [19]; thus the the actual value of a that 
correspond to = 1/3 in the edge region may very well 
be slightly above 3, consistent with our result. 

Recent edge tunneling experiments motivated a con- 
siderable amount of theoretical work [19-23]. One of the 
main focuses of these studies is the apparent inverse re- 
lation between the tunneling exponent a and bulk filling 
factor v observed in at least one of the experiments [4]: 
a » l/i/. In one of the proposals put forward to explain 
this approximate dependence, Lee and Wen [21] made a 
key assumption that there exist neutral mode(s) in the 
system whose velocity is extremely low. As discussed 
above, edge reconstruction can naturally lead to neutral 
modes with low velocities. Thus edge reconstriiction can 
not only explain the lack of universality in a near princi- 
ple filling factors, but may also be a key ingredient in the 
understanding of its general dependence on filling factor. 
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